
Math 564: Real analysis and measure theory
Lecture 

Non measurable sets.

We will give an example of a non-hebesgue-measurable subset of IR.

Def . Let E be an equivalence relation on a set X
.
A transversal for E is a set YIX which

meets each E-class in exactly one point. A selector for E is

↑pl - mapSXXhandEN
Y\1//

and vice verse
,

from a transversal y
,
we get a relector by s(x) := the

E-classes unique yeY1[X]E
Selectors and transversals exist by Axiom of Choice

,
but this typically results in ill-behaved

functions auch sets
,
for example , monmeasurable.

Example . Let E be the so-called Vitali equivalence relation on IP defined by
x Eay : <) y - x Q

.

This is simply the cosel equivalence relation of as a subgroup of 11 under addition.
Also

,
this is the orbit equivalence relation of the action of on IR by translation.

For each xEIR
,

the class [x]Ea = X +I
,
in particular, it intersects 10

, 17.

Claim
. Any transversal Y=CO , B of EQ is monmeasurable not Lebegue measure X.

Proof. Just observe that
10, 1 < g

+ Y < [
,
2].

ger( 1, 1]

II was measurable
,
so would by its translates gor and X(q+ 4) = < (Y) . So :

1 = x((0
,
1) = X ((q + Y) = zx(y + i) = 0 . x(Y) = X((

,
23) = 3

, a
contradiction.



Remark
.

It is tempting to think that noumeasurable ats can only arise from Axiom of Choice.

This has some truth to it but not entirely. Indeed
,

in Solways model of ZF /Zeruelo-Frankel

set theory without Choice) where Axioms of Choice fails badly , all subsets of IR are

lebesque measurable. On the other hand
,
there are simple constructions of subsets of IR

withoutChoice
,

which yield non-measurable sets in some other models of ZF. More

concretely , there is a Gr letbl intersection of open sets) subset B of 13
,
such that

whether or not the set proj/IR/ projip(B)) is independent of EF2 !!!
This is to

say
that measurability is a subtle property ,

and even the measur

rability of projections of Bowel sets called analytic sets) is a difficult theorem.

Pocket tools for working will measures.

Prop (monotone convergence) . Let IX
,
B
, u) be a measure space.

c) M/An) =limuAn) for all -measurable An with An ? An n

(6) MINAn) =tu(An for all -meas .
Bu wit BrBu andBo

Caution
.
If all Bu have infinite measure

, pat 13) may
not hold: take Bu : = In

,
d)
,
then

Bu = 0 so it is well
,

but linx (Ba)=
A: = Ao

Proof . (c) We disjoindity : An := An> An-1 , soAn=A, easy Az ---

As

MIAn = (A)= MIAil Ao

Bo =lim (A)
=limM(A)=muA, *

Bi

(b)
...
B2

The sts An-BohBu are increasing , so by (a)
,
we have

M (An) = lim M(Au = lim (M(Bd-M(Bull =MB = limmBl
n- n->&

where we use that MlBu) = M(Bo) in the second equality. On the other hand :



MIAnl =M(BBBB ,so

Borel-Cantelli Lemmas /Important Pigeonhole Principles) . Let IX
,Bill be a measure space.

let (An
be a sequence of momeasurable sets.

(a) If [M(An)s@ ,
then a . e . xEX is eventually not in An

,
i . e . the t

limsup An := 4xX : Ju XAu= UAs
Fm Incwi

is Mrnull.

(b) (Measure compactness) · Suppose MIX)c &. If 7530 st
. MIAnked for all neSN

X then M/fincupAn 2.

Proof
.

(a) Note But linsup An EVAu for all me,o

M/limsup An)->MIU AnEMA)O asm

(b) Since MIX)s &, /lincupAnEM/VAnuriousPro 5
Application . Let NX, B , u) be a measure space. A sequence (Va) of N-meas , sta in
called vanishing /resp .

almost vanishing) if (V) is decreasing and RV is empty
Creep . Wull.

UEIN

Propo let I be a collection of
momeas

sets that is closed under ctbl unious.

I F contains positive measure als of arbitrarily small measure
,
then F contains

an almost vanishing sequence of positive measure sets.

Proof
.

For each ne I let And5 be a positive meas
.

set with MCAn] < I. The sets
P

An may not be decreasing , but the sets Un : = W Am are decreasing and
my U

A Un = limsup An is null by Borel-Cantelli because MAneI - &


